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ABSTRACT 

A  method  of  Fourier  transforms  and  double  series  is  applied 
for  a  solution  of  the  following  integral  equation  arising  In  inverse 
scattering: 

X 

R(t+y)K(x,y)dy  +  K(x,t)  +  R(x+t)  =0,   t  <  x 


/. 


■t 

where  R(w)  is  a  Fourier  transform  of  the  given  reflection  coefficient 
in  the  differential  equation  u"(k,x)  +  [k  -  V(x)]  u(k.,x)  =  0^  -co  <  x  <  co, 

By  assuming  R(w)  to  be  analytic,  it  is  found  that  the  untaiown 
function  can  be  constructed  in  the  following  forms: 

i)  K(x,y)  =  f:  A  (x)  y^  ,   ii)  K(x,y)  =  ^  ^^    ^^  n  ^"'y'' 
n=0  p=0  m+n=p   ' 

in  which  these  series  converge  uniformly  and  absolutely  for  |x|  <  x(r) . 
x(R)  depends  on  R(w) .  Therefore,  if  the  reflection  coefficient  of  the 
above  differential  equation  is  given  with  s\iltable  conditions,  V(x) 


can  be  found  by  solving  the  integral  equation  and  by  the  relation 

_d_ 
dx 


V(x)  =  2-7—  K(x,x)  .   Some  related  topics  are  discussed. 
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1.   Introduction 

Let  us  consider  the  following  differential  equation, 

2_  U(k,x)  +  [k-^  -  V(x)]  U  (k,x)  =  0  , 
dx 

which  appears  in  many  physical  problems. 

If  V(x)  is  given,  we  can  obtain,  in  principle,  a  solution 


such  that 


U(k,x)  ~  e^^  +  r(k)  e-^^  ,  x ->  -oo 


Ho: 
U(k,x)  ~  t(k)  e  ,  X  -  +00 


(-00  <  X  <  cd) 


where  r(k) ,  t(k)  are  respectively  reflection  and  transmission 

■X- 

coefficients. 

Conversely,  one  can  obtain  the  ionization  density  from  a 
knowledge  of  the  reflection  coefficient.   The  latter  data  are 
obtainable  from  the  time  delay  of  a  pulsed  radio  wave  transmitted 
from  the  earth  and  reflected  back  by  the  ionosphere.   This  ionization 
density  is  calculated  as  follows: 

a)  we  first  determine  the  kernel  K(x,y)  from  the 
integral  equation 
(1)       /   R(t+y)  K(x,y)  dy  +  K(x,t)  +  R(x+t)  =  0,  t  <  x 

where  R(t)  =  -^   /  r(k)  e'^^^dk,  r(k)  being  a  complex  reflection 
coefficient. 


See  [k]    Appendix  and  [l]  p.  5-7- 

*^See  [l]  ,  section  3.   We  assume  that  R(t)  is  analytic  for  t  >  0  in 
this  report  unless  specified. 


b)  We  next  calculate  V(x)  =  2  —  K(x,x)  , 

c)  Finally  V(x)  is  proportional  to  the  ionization 
density. 

Equation  (l)  can  "be  regarded  as  the  following  Fredholm 
Integral  equation 

(2)      -X  f    R(t+y)  f(y)  dy  +  f(t)  +  g(t)  =0     (x  =  fixed) 
^-x 

with  the  condition  R(s)  =  0  for  s  <  0  3  X  =  -1,  f(y)  =  K(x,y)  and 
g(t)  =  R(x+t) . 

It  follows  that  for  every  te[-x,x],  f(t)  has  a  solution  belonging 
to  L  (or  C)  if  R(s)eL  (or  C) ,  where  L  is  the  class  of  square 
summable  functions  (C  being  the  class  of  continuous  functions) . 

Evaluation  of  a  solution  of  (2)  is  very  difficult,  due  to  the 
condition  R(s)  =  0  for  s  <  0,  by  the  standard  Fredholm  theory.   It 
is  therefore  desirable  to  develop  a  new  method  of  solving  (2).   From 
(1),  after  changing  variables  z  =  t+y,  w  =  x+t,  we  obtain 

/--w 
R(z)  K(x,x+z-w)dz  +  K(x,w-x)  +  R(w)  =0,   w  >  0 
o 

which  csji  also  be  written  as  follows: 

y->w 
r(w-u)  K(x,x-u)du  +  K(x,w-x)  +  R(w)  =  0,  w  >  0  . 
o 

Applying  a  Fourier  transform  to  (^l-)  ,  for  the  intervals  ( 0^  00  ) 

and  (-00,  0) ,  ve   obtain  the  following  equations,  respectively: 

(1)   r_^(a)  r\(x,y)  e'^^dy  +  f\ix,y)    e^^dy  +  e-^°^r_^(a)  =  0 

"*■     ^-00  ^-x 

for  I  (a)  »  0 


See  Appendix,  p.  26.   I  (a)  means  the  Imaginary  part  of  a^  A  »  ( 

means  A  is  positive  and  very  large.   Similarly  A  «  0  means  A  is 
negative  and  very  large. 


(ii)    -r  (a)  r"K(x,y)e-^'^dy  +  f    \(x,y)e^'^dy  +  e'^'^r  (a)  =  0 

for  I  (a)  «  0 

where  r^(a)  =  T"  R(t)e^^^dt  =  r(a)  ,  r_(a)  =  T  R(t)  e^^'^dt 

Here,  we  have  extended  the  definition  of  R(t)  for  t  <  0. 

Substituting  -a  for  a  into  i)  and  ii) ,   we  obtain,  respectively, 
the  following: 

(iii)    r^(-a)  J'\(x,y)e^'^dy  +  j^°°K(x,y)e-^°^dy  +  e^°^r^(-a)  =  0 

for  Ij^(a)  «  0 
(iv)    -r_(-a)  j^\(x,y)e^°^dy  +J    K(x,y)e-^°^dy  +  e^°^r_(-a)  =  0 

for  I  (a)  »  0. 

The  sets  of  equations  (i,iv)  and  (ii,iii)  cannot  be  solved 
uniquely  unless  we  have  more  conditions  on  K(x,y)  since  there  are 
four  unknowns  but  only  two  equations,  respectively.   Nevertheless, 
when  x  =  0,  they  are  solvable  for  K(o^y)  and  we  obtain  the  following 
equations  from  (i-iv): 

(i-)  r^(a)  J  K(0,y)e-^°^dy  +J  K(o,y)e^°^dy  +  r^(a)  =  0,  ija)  »  0 
(11')  -r_(a)  J  K(0,y)  e-^'^dy  +J  K(o,y)e^°^dy  +  r_(a)  =  0,  I^(a)  «  0 
(iii-)   r^(-a)  J      K(0,y)e^°^dy  +J    K(o,y)  e"^°^dy  +  r^(-a)  =  0,  ija)  «  0 


We  take  the  analytical  continuation  of  R(t)  as  its  extended  definition 
for  t  <  0,  In  the  above  integral. 


(iT')        -r_(-a)  J      K(0,y)e^°ydy  +  J \iO ,y) e-^"^ 6y  +  r_(-a)   =  0, 


I^(a)    »  0. 


From   (i')    and   (iv')   we  obtain 
(5)  K^(0,a)    =    f\(0,y)e^^6y  - 


1,  r  (-Q 


1.    r^(cc) 
■    (-a),  1 


=  r^(a)[r_(-a)-l]  /[l  +  r^(a)r_(-a)]  . 
Similarly,  from  (ii')  and  (iil')^  we  obtain 
(6)       K_(0,a)  =  r   K(0,y)e^°^dy  =  -r_(a)[l+r^(-a)]/[l  +  r_^(-a)r_(a)] 


It  follows  that 


ic-H»  ^        .       ^    pid-Ko  ^ 


(T)       K(0,y)=^        K^(o,a)e-^^dy  +  ^ 


for  c  »  0  and  d  «  0  . 

According  to  Fredholm's  theory,  the  solution  of  (2)  can  be 
written  as  follows: 


'(t)  =  -g(t)  -J     yt,y;X)g(y)dy 


Kj^(t,y)  =  D(t,y-X)/D(x)     if  D(\)  4  0  , 

n=l      '-'-X     "^-x    \1'        '  nJ 


D(t,yjX) 


14- r  -^)-  /  ...  r  R   ^     ^ids,...ds 

fci  ^'    ^-x    ^-x    v^'V-'-^ny   ^ 


and 


I'-'-'-'n 


R(x^+y^),...,R(x^+y^) 
R(x^+y^),...,R(x^+yJ 

It  follows  that  the  solution  of  (l) 

K(x,t)  =  -R(x+t)  -  ^TTiy  J   D(t,yj-1)  R(x+y)dy 

is  a  function  analytic  with  respect  to  t  and  meromorphlc  with  respect 
to  X  if  R(w)  is  analytic  with  respect  to  w. 


If  |X  (x) I  >  1  then  D(-l)  4  0^  where  X^(x)  is  the  first 
eigenvalue  of  (2),  and  this  is  always  true  if  x  is  sufficiently 
small  since  |x^(x)|^  is  greater  than  J   T ""  ^  |^(^^y)|2^^  ^l   • 


It  follows  that  K(x,t)  can  always  be  expanded  in  a  power 
series  in  x  and  t  for  small  x.   And  K(x,y)  can  also  be  expanded  in 
a  power  series  in  x  with  coefficients  as  functions  of  y.   In  the 
following  section,  we  shall  discuss  the  two  cases  in  which  we  could 
find  the  solution  of  (l)  by  a  method  of  Fourier  transforms. 


2.   The  case  where 


K(x,y)  =  r  A^(y)x'^ 


n=0 
As  in  Section  1,  we  can  assime  that  K(x^y)  can  be  expanded 

in  power  series  of  x:  K(x,y)  =  ^  A  (y)x^  which  is  uniformly  and 

n=0  ^ 
absolutely  convergent  for  small  x,  e.g.  we  can  take  any  value  of  x 


a  J  J       |R(t+y)|   dtdy  <  1 


Theorem  1: 


Let  R(t)  be  a  given  analytic  function,  then  the  integral 

00 

eq^uation   (l)    has   a  solution  K(x,y)   =  V"     A  (y)x     for   |x|    <  x 

n=0 

where  A  (y)  can  be  obtained  from  the  following  recursion  formula: 


Ajy) 


^        r^ic+co  r^    (a)r_    (-a,)-  r^ 
"^  ic-co       1+r      (a)    r      (-a 


e'^-y^da       (c  »  0) 


(8) 


pid+oo  r  °(a)r^(-a)  +r^(a) 

i      /  — i = e-^y^-da       (d  «  0) 

2«    ^id-c«       1+      ^  - 


where 


(9) 


r^'^Ca)   =    J      R''(0,t)e^'''^dt    ,  ija)   »0 


(n  >  0) 


I   (a)   «  0 


(10)  r_^(a)   =    J      R''(0,t)e^°'^dt   , 

(11)  R''(x,t)   =  ^  I     J        R(t+y)H^_^(0,y)dy+H^_^(0,t)  +  R'''^(x,t)l 

(12)  H^(x,t)    =  -^  J    \_i(x,y)    -  H^_^(0,y)  (n  >  1) 


(15)  R°(x,y)      =     R(x+y) 


(U)  H^(x,y)      =     K(x,y)    . 


It  is  known  that  when  n=0,   A  (y)   =  K{o,y)    and  formula   (8)   becomes 


identical  with   (7)5      when  n=l,  A^(y)   =  H^(o,y)    =  ^  K(x,y)l         ,   and 


7 

I 


x=0 


so  on,  and  in  general  A^(y)  =  Ejo,y)    =(^)  K{x,y) 


x^O 


Proof  of  Theorem  1; 

When  n=0,  we  have  already  proven  the  theorem  in  Section  1. 
By  Mathematical  Induction,  suppose  it  has  been  proven  for  the  cases 
k  <  n,  then  for  k=n,  we  would  have  from  (l) 

(15)      J       R(t+y)H^(x,y)dy  +  H^(x,t)  +.R^(x,t)  =  0  . 

This  is  true  since,  by  our  assumption,  we  already  know  that 
(1^)      J      R(t+y)H^_^(x,y)dy  +  H^_^(x,t)  +  R''"^(x,t)  =  0 
holds.   It  follows  from  (16)  that 

(17) 

n-1         C'^ 
+   R  "  (x,t)  +  /   R(t+y)H  ,(0.y)dy  +  H  Jet)  =  0. 
J  +         n-x  n-1 

Dividing  (17)  by  X,  and  using  the  formulas  (ll)  and  (12) ,  we  obtain 
the  integral  equation  (15).  Applying  a  method  similar  to  that  used 
in  Section  1,  we  obtain 

(^)       \    (-)  /\(x.y)e-^^dy  -.  r  H^(x,y)e^°ydy  -.  r  ^x,a)  =  0 

Im(a)  »  0 


(II)      -T°{a)J     E^ix,y)e-^°'^dY+J       H^(x,y)e^'^dy  +  r_''(x,a)  =  0 

Im(a)  «  0 
where 

r-(x.a)  =  ["RV,y)e'"V 


(x,a)  =  J  V(x, 


7)6^"-^  dy  . 


Putting  X = 0^  and  using  the  same  procedure  as  in  Section  1,   we  obtain 


3.   The  case  where  K(x,y)  =  V^  V^    C    x  y 

. ^—1±L       ^—     ■^—  m.n 

n=0  m+n=p   ' 

Theorem  2: 


Let  R(w)  =  y^  7  w  be  given,  then  the  integral  equation  (l) 
n=0  ^ 

has  a  solution  K(x,y)  =  V  }~    C   x™y^  for  iyl  <  Ixi  <  x  ,   where 
\  '"    ■^ —  i—  m,n         '  I  —  I  '  —  o 

p=0  m+n=p 

C  can  be  determined  from  7, 

m,n  1 

(m,n=0A;2,...)  (k=0A^2,...) 

recursion  formula: 


(Here,  x^  =  sup  I  x  |  J  J    |R(t+y) |^dt  dy  <  1  I  ) 

-1 
for  q;i  =  OA^rS^J,...  (Here,  we  use  the  convention  ^  f^  -:  0,  5^^ 

being  Kronecker's  delta). 


The  procedure  to  obtain  C    from  (l8)  is  as  follows: 
Putting  q=0,  1=0,1  }2 /i>.  ..  ,   we  can  obtain  C   (m=0,1^2,.  .  . )  ,  step  by- 
step;  then  we  obtain  C^    from  C    and  C  ^ ,  and  so  on.  We  obtain 
•'  l^o       o^o      0,1 

C    from  C   (0  <  P  <  in+l)  and-  C   (O  <  q.  <  m-l)  .   Similarly,  we 

obtain  C    from  C   (O  <  p  <  m-l,  0  <  q  <  m+1)  and  C   ,(0  <  £  <  n-1) . 
m,n       p,q^  —  ^  —  —  ^  —    '      in,i^  -   —    ^ 


Proof  of  Theorem  2; 

Since  K(x^y)  =  ^  ^  C   x""y^,  we  obtain 


p=0  mfn=p      ' 


y  y  c      y  (-1)^  ^1    I  u-  -  X- 

^ — ^    — rs     m,p-m  ^ —    ^  \q-n 

p=0  m=0  -^        q=m  ^^ 


°°      P     /  q. 

y  ^  y  c     (-1)^ 


u  X" 


q.  /  p-n 

p-qf^        ^p-q^q 

q-m, 


=  y  y  y  c     (-1) 

^—rs\   ^—     ^—rs     m,p-m^      ' 
q.=0\  p=q  m;=0 


Similarly 


(19)  K(x,w-x)   =yy       C^  ^x'^Cw-x)^ 

p=0  m+n=p      ■' 


q.=0    \  p=q  m=0  -^ 


(20)      /^^  R(w-u)K(x,x-u)du  =/^'r(v-u)  j£  ^^  |^^.,p..(-l)^"{'l)  ^^^^   ^- 


=  Y_     |j^\(w-u] 


q=0      "^  o 


y  y  c 

p=q  m;=0 


(_i)P-^  i^"""]  ,,p-q 


Vq-nJ  ^' 
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Substituting  (I9)  and  (20)  into  (if)  and  arranging  in  powe 
of  X,  we  obtain  from  the  coefficient  of  q^^   power  the  following: 


p=q  m.=0 


m^P' 


(21) 


Also^  we  have 


°o        q  /  p-m   , 

5.  £o=-"<-^^"l-K"^^.  «<"'-• 


pw  f    «=       q.  /p-m\ 

R(w-u)        X:    ^     C  (-l)^'l  uP-'l 


du 

in  .  11— rn   '  '  \    n  —m     1  1 

p=q  m=0 


00        q  /p-ni\    p  w  00 

p=q  m=0        '^  V       /     o  n=0 


(put 
i=n+p- 


-.)     =  I, L «.,p-.<-)^-^ P  E  ^. S„ 0(-.)"-ru—a.. 


(put 
k=p-q) 


^q  S^O  "^^^-"^  VW   fcp_/i+q-P  -fzo        V    W  ^    -    3    -    1 


n  i  z:  z  c ... ._.(-!) ^ 


i^O       fco^O     '^'^""'l-"^  V^-^/         (£+1)    {[) 


£-k   /f-k\    .      v£+k+s 
(Here  we  use    (*)...  ^      (         )  AziZ. 


3=0  ^"'      ^-"-"^  (m)  (i) 


See  Appendix 


11 


Substituting  the  above  expression  into  (21)  and  equating 
the  coefficient  of  the  I       power  of  w,  we  obtain  (l8). 


k.      Remarks,  Special  Cases,  and  Examples. 

A  recursion  formula  equivalent  to  the  identity  (l8)  can  be 
derived  from  equation  (i)  if  K(x,y)  satisfies  some  conditions  such 
that  integrations  by  parts  are  possible  in  equation  (i).  We  have 
the  following  theorem: 

Theorem  3;   If  f-^        K(x,y)  =  O(e'^i'^l)  for  a  fixed  constant  c  and 
for  all  natural  numbers  n,  then  by  integrations  by  parts  we  can 
obtain  the  following  double  recursion  formula  from  equation  (i) : 

s+r  „  /n\  r-1  s+y-m-1  /  ^\ 

(22)        5^     k     -    rl     ^     (-1)=^  C^  -H    H  (r-m-l)Ik      (  J 

°'^   ^  •     fcr  V^y     -^^-^^^     to  fer-m-1  "    "^    ^s^"^')' 


where 

00  k  CO 

^+(°^)   =  Yl     \  >    K(x,y)   =  X]    Z!         ^m  n^'^-^'^     being  assumed. 

n=0  (ia)  p=0  m+n=p    ■* 

Proof ;  By  integrating  by  parts  N  times,  we  obtain 

/  V,y)  e--^dy  .  -e-^-^  '^^     (^  ]   K(x,y) 


(ia)-"-^+0(a-^-^) 


/\(x,y)  e^^^dy=e--5:  i^^^^-rj) 
^-x  n=0  V  V 


(-ia)-^-l-.0(a-N-^). 


y^-x 


Equating  the  r   power  of  (ia)"  in  the  equation  (i) ,  we  obtain 
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(25) 


^  '    ^-^^"'  (1)  '  ^^-^^^      -  II  ^m  (I)  ""'''^(-'^) 


=  0  (r  <  N) 


th 


Putting  K{x,y)   =  Yl     ZI   ^m  n  "^  ■^  ^^'^  equating  the  s   power  of  x 
p=0  m.+n=p   ■* 

in  the  identity  (23),  we  obtain  the  identity  (22).   If  we  assume 


R(w)  =  ^  7^  then  r  (a)  =  ^  ^  =  f\^)e^ 

T^O     ""  "^      ^0  (ia)''^^   ^o 


'dw 


i.e. 


n=0 


(-1)   nW 


(ia) 


n+1 


(24) 


k  =  (-D^^^lr 


Substituting  the  identity  {2h)    for  k  into  the  identity  (22)  an.d 
dividing  by  r!  in  the  latter,  we  can  easily  obtain  the  identity  (l8) 
if  we  make  a  sixLtable  change  of  variables. 

In  Theorem  2  (or  Theorem  5),  computation  of  C    is  sometimes 

m,n 

tediousi   e.g.    C        (m+n  <  5)    in  terms  of  7,   are   as  follows: 
'  m,n^  —  ^  'I 

fWe   could  obtain  C  in  terms  of  k,   if  we  used  the  identity   (2i|).1 

L  m,n  i  J    \      y  _i 

C  =   -7 

0,0  o 


0,1  "    '': 
^0,2  =  -^; 


o 
1,.  3 


1      2 


1      k 


0,3=  -^3^  3^2^o  -Zh    +^1^0     -Z^o 


1212  _1.5 

''o,!^  "   "^1^  ^   If ^2^0      ■   2Jl\    ^o   ~   2k^ 

^0,5  =  "^5  "^  l^i^^o   -  !^¥l  ^  -kW  ^  ^^2^    ""  ^^2Vo   -  15^2  ^o 
1      3122      _l^        k      _l_    6 
"   120^1     ^  ■^'i   ^o     "  120^1^0     ^  120^0 


^l,o  =  ^0,1  =  -h  ^   ^o 
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2 

5 


12        1         2        11+ 
^1.2=   -5^3    ^Fl     -^  2^1^o     -2^0 

1  o  1212  1515 

1  12121  1215 

^lA  ^   '^^5  ""  2¥l   ^  TI^3^o     -  Z'^2      ■"  ZVl^o    -  6^2^o     -   25^1 
1         U       1     6 

^2,0=   -^2^27^7^   -|7^5 

^2,1  =   -5^3  ^  ^^2^0  ^  2^/  -  l\^     ■*-  2^0^ 

,^0  1212  535 

^2,2  =  -^^  ^  ^^2^1  -   2^2^o     -  Vl  ^o  -  Vo     ^  l^^'o 

^2,5  =   -^%  ^   H^o  -^^5^1-  I Vo^    -"  V2    -  ^2^1^o  ^  fVo^ 

13122        7         k      1    6 
+  T^^1      -  2^1^o      -^  l^^l^'o     -i^o 

8  5      2        23  2        11      1+ 

S.o  =  -  ^3  "^  3V0  +  ^^1    -  -T  Vo     +  T-'o 

,  ^  1  13        2      25    2  17         3     11    5 

32727  1353 

^3,2=  -^°^5^  ^^3^      2^3^o    ^3^2     -5^21^0  "l^'^o     -l2^1 

25        if      11    6 
"*"  12  ''l^     "  12  ^o 

53  27     2  19        3       19      5 

%o  =  -^i.  ^   ^^3^0  ^  2727,  -  §727^2  -  -^  y^jo    +  -7i7„     -  ^7^ 

U-  23         2      17    2     55 

%l  =  '5^5  ■"  ^Vo  ^  ~^3^  -  T^3^o    ^  -^^2  -  T-^2^l^o 

19        3      ii-1    3      35     2  209        U      19     6 

32  29  119  2  51     2        2^ 

5.0  ~  "^5  "^  "y^i+'^  "^  10^3^1  "    20 ''3^0     "*■  30^    "30  ^2  ^1^0 

223  3         0^       3  ^  121+^2^         1201..    ^   If  _^   361.^.6 

"^    30  '^2'^o      '  120  -^1     " 


ih 


C   .  can  also  "be  written  in  determinant  form  as  follows: 


(25)  C   ,  =  (-1) 


i-1 


f      1 
q  o 


f-,     7     1 
q.  1      o 


q  2     2      2 


i-1   ^i-2 


^'     <)    '('l)'{'l) 


/i+q- 


q-1     /i+q.-i 


ii^  (-^)^i-.-i 


0       ^q-my  ^m,i+q-m-  ^^   ^   ^i-lj 


q-1  /k+q- 

5^  C   ,  (q,i=0A.2,3. 

^— ^  V  q-m  /  m^k+q-m 

m=0  V     ' 


...). 


The  formula  (25)  can  be  derived  from  the  following  formiola  (26) 

which  is  a  different  expression  of  (l8)  ,  by  applying  Cramer's  R\ile 

for  linear  equations  and  by  regarding  C   (O  <  k  <  i)  as  unknowns. 

q^K.   —   — 


(26)  c^,t  -  Z    (-1)' -^,   <=^,K  -    A    '  °      (°<*5') 


k=0 
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It  is  known  that  we  can  obtain  C    easily  by  calculating  (25) ; 
nevertheless  it  is  convenient  to  calculate  C    for  p  >  1  by  using  (l8). 

The  integral  equations  (3)  and  (k)    are  of  Volterra  type  if  we 
regard  K(x,y)  as  a  given  kernel  and  R(x)  as  unknown;  therefore^  the 
solution  of  (5)  and  (4)  [as  well  as  (l)]  can  be  said  to  be  an  Inverse 
Problem  of  the  Volterra  equation.   For  a  given  K(x^w-x)  in  (j)  [and 
in  {k)}  ,    solving  for  R(w) ,  we  obtain  a  solution  R(w)  which  in  general 
not  only  depends  on  w  but  also  depends  on  x.   Consequently,  the 
condition  that  R(w)  is  independent  of  x  is  rather  strong.   It  implies 
that  functions  K(x,y)  have  a  particular  form.  We  shall  discuss  this 
situation  in  the  following  special  cases: 

(a)  When  K(x,y)  =  A(x)B(y),  we  have  from  the  identities  (25)  and  {2k), 
the  following: 

(aA)     7q  =  -\   =  -K(x,-x)  =  -A(x)B(-x) 

(a, 2)     7i  =  \  =  -7/(x)B(x)  -  A(x)B'(-x) 

(a,5)     ^2  =  ^  ^2  =  "  i7iA(x)B(x)  +  ■|7qA(x)B '(x)  -  |a(x)B"(-x). 

From  (a,l)  and  (a, 2)  we  obtain,  by  eliminating  A(x) , 
(a,l^)     7iB(-x)  =  7q^B(x)  +  7^B'i-x)    . 

In  changing  the  sign  of  x,  we  have 
(a,5)     7iB(x)  =  7^B{-^   +   7qB'(x)   . 

By  adding  {a,h)    and  (a, 5)  and  by  subtracting  (a, 14-)  from  (a, 5) 
we  obtain,  respectively: 
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(a.6)     7  1b'(x)  +  B'(-x)j=  -(7q^-7i)|b(x)  +  B(-x)l 
(a.7)     7Jb'(x)  -  B'(-x)|  =  (7„^+7i)  |b(x)  -  B(-x)l 


By  putting  G(x)  =  -i  Jb(x)  +  B(-x) 


F(x)  =  I  ^B(x)  -  B(-x; 


and  differentiating  (a ,6)    and  {a.,^)  ,   we  obtain 
(a,8)     7^r'(x)   +  (7o^-7i2)F(x)  =  0 


(a,9)     7^0" (x)  +  ir^-   7^)Gix)   =   0 


By  noticing  that  G(x)    is  even  and  F(x)    is  odd^   and  using   (a, 6)    and 
(a^7),  we   obtain   (C  =   constant) 


G(x) 


F(x)^ 


C(e    °       +   e   °      )      if    17-^1    >    7^  and  a  =^ y^  -  y^^ 

fix        f^ 
C(e^°       +   e^°        )    if    |7^|   <  7^    and  a  =^7^  '  7^ 


2  a 

7.-7^  —X        -7:-x 


l_I^C(e^o"-   e^o"")  if    |7^|   >   7/  and  a  =  ^J^^ 

„  a  .  -a  . 

2  — IX      —  IX  

o   "^1     ^.    ^o  ^o        .  _    I       I   ^       2        ^  /~5        2" 

ai        C(e  -   e  )  xf    \y^\   <  7^     and  a  =  ^  7^   -7^ 


Consequently^  we  obtain 


(26) 

-7B(y) 


2^        ^O 


2^      'o 


(a+7;L"^o   ^^  "^    (a-7i+7o   ) 


(a-7j_+7Q   )e  +    (a+7^-7^   )e 


(7q  -7^)sin(— y)-  a  cos    (— y) 


-7. 


0/2         >.    .    /  a    -,  ,  a       > 

(7q  -7^)sin(— x)+   a  cos    (— x  ) 


27oy-l 

■'*'o   27  x  +  1 
'o 


if 


if 


^^\>    Jr. 


,r2     f 

^1'7.    -7„ 


7^      >      7n 


-^-'. 


if    7     =   -7o 
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siace  for  7-.    =    7     >    (a,6)  ,  (a, 7)  become^  respectively, 
F'(x)  =  0  and  G'(x)  =  7  F(x)  . 

It  follows  that  F(x)  =  C  =  0  because  F(x)  is  odd  and  hence  G(x)  =  C 

2 
-  similarly  for  the  case  7^=   -7^   •      '^^   7q  =   0^  there  is  only  the 

trivial  solution  K(x,y)  =  0.   By  the  relation  (a,2) ,  if  7  =  0,  we 

have  -7  B(x)  +  B'(-x)  =  0  from  which  we  can  show  that  7=0  for  n  >  1. 
o  'n 

From  (a, 5)  we  find  that  7^  =  7^^  h^   and;,  in  general,  can  show  that 

''1  ^1 

7^  =   7q(— )  ,   i.e.,  R(x)  =  7^e  °     Conversely,  if  r(x)  =7^6°   then 

K(x,y)  has  exactly  the  fom  of  (26) ;  we  shall  show  this  in  Example  I. 


(b)  When  K(x,y)  =  A(x)B(y)  +  C(x),  we  have  from  the  identities  (25) 
and  {2k),   the  following: 

(b,l)     -7^  =  A(x)B(-x)+C(x) 

(b,2)     -7^  =  A(x)B'(-x)+7^   A(x)B(x)+C(x) 

(b,5)    -272  =  A(x)B"(-x)  -  7^a(x)b '(x)+ 7^  A(x)b(x)+C(x)  [  . 

Eliminating  A(x) ,  C(x)  from  (b,l-3),  we  obtain 


B(-x)                ,  1  ,  y 

B'(-x)  +  7^B(x)        >  '^o'  ^1 

B"(-x)-7^B'(x)+7^B(x),  7^,  272 
which  can  be  written  as 
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By  cliangirig  the   sign  of  x  and  putting  K  =  p-   ;,   we  have 


.B"(x)    -   7oB«(-x)    -  KB'(x)    +    (r^-r^K)    ^    B(-x)    -   b(x)     [   =   0 

By  a  procedure  similar  to  the  one  used  in  (a) ^  we  obtain 

(b,5)   G"(x)  -  (7o  +  K)  F'(x)  =  0 

(b,6)  F"(x)  +  (/q  -  K)  G'(x)  +  2(7^K  -  y ^)    F(x)  =  0 
where  G(x)  =  \  \    B(x)  +  B(-x)    ,  F(x)  =  -|   B(x)  -  b(-x)  |   . 

Differentiating  (b,5-6)  and  eliminating  G"(x)^  we  have 

H"(x)  -  X^(x)  =0  ■      , 

where 

H(x)  =  F'(x),-X^  =  7/  -  27^  +  2K7o-  K^' 

It  follows  that  if  X  ^  0,  \je   have  a  solution 

B(x)  =  C^e-''^  +  C^e"^^  (C  ,  C  =  constants). 

And  A(x) ,  C(x)  can  be  computed  from  B(x)  by  solving  simultaneous 
linear  equations  (b,  1-2)  with  respect  to  A(x)  and  C(x) ,  i.e.. 
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A(x) 


C(x)      = 


7         1 

_h ^ 

-B(-x),    1 
-B'(x)+7^B(x),7o 

-B(-x)  ,  7q 

-B'(-x)+7^B(x),  7^ 


-B(-x)    ,  1 

-B'(-x)  +  7  B(x),    7^ 


B'(-x)  -7o    [b(x)+B(-x)\ 


-7qB'(-x)+7^  B(x)+7^B(-x) 
B'(->c)    -  7q|'b(x)    +  B(-x)1 


For  the   case   7     =   7     =   0,  we  have  B(x)   =  C,  slnhJ2j     x  +  C_j 


hence 


K(x,y) 


/7       sinh-VET"  y  +   si 
F  —    V- — 


We  also  can  show^  in  this  case^  7,  =  — ^  ,  etc.,  ...  ;  we  shall 
discuss  the  converse  in  Example  II. 

In  the  following  we  shall  show  some  examples  which  can  be  solved 
by  Theorems  1-5. 

Example  I.   If  R(t)  =  be"^^   (t,  c:  constants) 
then 

ia-c 


r^(a)  =  /   R(t)e^°'^dt  =  j^   ,  Im(a)  »  0 


Hence 


(a)  =  r°  R(t)e^°'*dt  =  ^  ,     Im(a)  «  0  . 


r^(a)[r_(-a)-l]   ^,^^^^^)^      w  w.  n 

\("^  =l+r  (a)r  (-a)   "  2  2  A      '  M^^)   »  0 

+^  '  -^   '     a  +c  -b 
-r  (a)  rr^(-a)+ll 
B  (a)  =   ~      ,  t -  (i°-+g+fe)^  .   Ini(a)  «  0. 
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It  follows  that 

B(y)  =^        B  (a)e-^^yda  +  ^        B_(a). 


■lay. 


(s  »  0,  t  «  0) 


^/^f^^-^--    I 


SI 


milarly  for  other 
cases. 


-1 
k-al 


b  d-c-b     b  d+c+b 
"d"  (a-id)    d  (a+id] 


=  -^  \    (d-c-b)  e^  .   (d.c+b)  ^-"^ 


i 

Im(a) 

a- plane 

% 

•s 

^>                       > 

■it 

r 

■t 

ri(a)    ' 

r  is  the  contour  consisting 
of  two  pai'allel  lines  as 
shown  above. 


Trying  the  fom  K(x,y)  =  A(x)B(y)  for  a  solution  of  equation  (l)  , 
we  obtain  exactly  formula  (26)  if  we  put  7  =  b^  7  =  -be. 

Substituting  K(x,y)  =  ||  A(x)  j(d-c-b)e*^^  +  (d+c+b)e''^   into 
(1),  and  sol\rLng  for  A(x)  ,  we  obtain  (26).   In  the  above  case,  of 


course,  we  could  assume  K(x,y)  =  ^  A  (y)x  and  apply  Theorem  1  for 

n=0 
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computation  of  A  (y) ,  step  by  step;  nevertheless,  the  computation  is 
not  very  simple.   For  example,  we  have 


A  (y)  =  B(y)  =  ^  {    (d-c-b)e^  +  (d+c+b)e 


-dy 


(y)dy  +  A  (t)  +  be 


-c(t+x) 


b  J   r^  -c(t+y).  ,  v^     -c(t+x)   -ct 
=  —  ]    J        e       A^(y)dy  +  e   ^    ^ -e 

Lnce   /   be   ^ 
^-t 


A^(y)dy  +  A^(t)  +be-^^=  0. 


It  follows  that 


-c(t+x) 


R-L(0,t)  =  b   e  "^^""^A  (x) 


■b(b  +  c) 


(-c)e 


-ct 


r  ^(a)  =   f"  R^(0,t)e^^*dt  =  ^^^^^  ,  Im(a)  »  0 
+  ^  ^    J      \    '    ^                      la  -  c  '       ^    ' 

rl(a)=   r.  Rl(o,t)e^^^dt  =  ^^i^i^  ,  Im(a)  «  0  . 
J-r^                                       la  -  c 


Consequently 


"^r  a  +c  -b 


-b(b+c) 


r  is  the  same  contou: 
as  in  p.  20. 


b(b+c) 


2d 


(d-c-b)e^+  (d+c+b)  e" 


Similarly  we  can  compute  A  (y)  as  follows: 
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A,(.)  -   M^ 


(d-c-b)e'^y  +  (d+c+b)e"'^ 


=  -(b+c)A^(y) 


It  follows  that 


R2(0,t)  =  be""\(0)  +  1^  R^x,t) 


x=0 


b^(b+c)e"'^^  f  ■|b(b+c)^e"'^*  =  |b(b+c)(5b+c)e"''^ 


By  means  of  the  same  procedure  as  we  used  in  computing  A.^  (y) 


AgCy)  =  1^  b(b+c)(5b+c) 

=  ^(b+c)(5b+c)A^(y) 


(d-c-b)e'^+  (d+c+b)e"^ 


Similarly^  we  obtain 


AjCy)  =  -  31-  (b+c)2(in>fc)A^(y) 

Aj^(y)  =  -^  (b+c)^(5Tb^+  38bc+  c^)A^(y) 


A  (y)  =  -  -^  (b+c)^(56lb^  +  ll8bc  +  c^)  A  (y)   and 


K(x,y)  =  Y-     A^(y)x''  =  A^(y)  U  -  (b+c)x  +  |(b+c)  (5b+c)x^  -  ., 


from  which  use  of  the  form  K(x^y)  =  A(x)B(y)  is  justified. 
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K(x,y)  can  be  obtained  from  Theorem  2  (or  Theorem  3)  as  follows: 

Since  R(t)  =  be"^^  =  b  ^  ^'^j"'^"  t"  ,  we  have  7  =  i^^^ 


Using  the  general  formula  for  C    which  we  computed  before,  we  obtain; 

m^n  ' 


C    =  -b 
0,0 


^^^  =  b(c+b) 


^  =^(c5+l;lbc\l7i^b^c5+286b5c^ 
+209b  c  +  57b^) 


^(-c2+b2)  .  -  ibd^  =^(cH-b)5(c2+38bc+5Tb2) 


C^^j  =  ^(c^+bc^-b^c-b-^)  =  ^  (c+b) 

-b,  i+  „,  2  2  ^h.        -bd^ 
^oA  =  25^'  -2b  c  +b  )  =  -j^ 

C^   =  3^(c^+bc^-2bc^-2b^c^+bVb^) 
2 

td    /    -UN  5 

=  ^—  (c+b)-" 


^2,0  =  -f  (c^+^bc+5b2)  =  :±(c+b)(c+5b) 

=  |(c-fb)(c.5b)C^^^ 
^2A  "  I  (c^+5bc^-Tb^c+5b5) 

=  I  (c+b)2(c+3b)  =  |(c+b)(c+5b)C^^^ 
Cg  2  =  Tf  (c^+i^bc^+2b^c^-lfb^c-5b^) 

=  -^  d^(c+b)(c+5b)  =  |(c+b)(c+5b)C^^2 
^2,3  =  ^(c5+5bcV6b2c5-2bV-Tb^-3b5) 

=  ^^(c+b)2(c+3b)  =  |(c+b)(c+5b)C^^^ 

Cj^  ^  =  ^(cVuObc^+13l+b^c^+152b^c+57b^) 

=  ^(c+b)^(c2+38bc+5Tb^) 

=  -j~(c+b)^(c^+38bc+57b^)C^  ^ 


=  ■^(c+b)V+38bc+57b^)C^^ 
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C,        =  b(c+b)   =   -(c+b)C^  ^ 
1,0  0,0 

C         =   -b(c^+2bc+b^)   +   -b(c+b)^ 
^1,2  =  |(c^^bc2-b2c-b5)   =  ^(cb) 


-('=^^)^o,2 


C^  ^  =  :^(cV2c\-2cb5-b^) 

=  ^(c+b)2  =   -(c+b)C^^^ 
C^^^  =  |^(c5+bc^-2b2c5-2b5Ab^+b5) 
bd^ 


=  TJT-^c+b)    =   -(c4-b)C^^i^ 

C^       =  |(c^+15bc^+25b^c+lJ-b^) 
J  }0         o 

=  ^(c+b)2(c+llb)  =  ^(c+b)2(c+llb)C^^^ 
C,   ,    =  ■^(cVlifbc+36b^c^+5Ub^c+llb   ) 

3,1  D 

=  ^(c+b)5(c+U.b)   =  ^(c+b)2(c+llb)c^^-i_ 

C  =  ■^(c5+13bcV22b^c^-2b5c^-23b^c-llb5) 

2 
=  ||(c+l)2(c+llb)   =  ^(c+b)2(c+llb)C^^2 

C         =  ^(c5+121bcV7l8b^c5+llt38b5c^ 

+  1201b  c  +   36lb^) 

=  ^(c+b)^(c^+ll8bc+36lb^) 

=  -i^  (c+b)^(c^+ll8bc+36lb^)C 
51    ^        ^    ^  '^         '    0,0 

These  coefficients  C    are  exactly  the  coefficients  of  powers  x  y  in 


the  expansion  of  K(x,y)  =  -t  (d-c-b)e^+(d+c+b)--'^ 


/  2  2        2 

/  if  d^  =  c  -  b     >  0, 


(d+c+b)e^+(d-c-b)e-^      ^similarly  for  d     <  0. 

Example   II.      If  R(t)   =  l/h   sinli  -|/b  t    =  ^  (e"^*  -   e""^  ^  )    then 

K(x,y)   =   -i/^  sinh  V2bx   +   sinh  ygby      * 
'  coshY2bx 

To  show  this,  applying  Theorem  1,  we  have 

r  (a)  =  [    R(t)  e^^'^dt  =  -§^  ,   Im(a)  »  0 
^  o  a  +b 

r_(a)  =  f      R(t)  e^^-^dt  =  -^  ,  Im(a)  »  0  . 


a  +b 


From  the  formula  (7) ^  ve  obtain 


K^(0,a) 


K  (0,a) 


2           ' 
a  +2b 

Im(a)   »  0 

-b 

Im(a)   «  0   . 

2           •" 
a  +2b 

Hence 


Ajy)  =  K(0,y)    2^ 


1   r'be"' 


iya 
2b 


r  is  the  same  contour 
as  in  Example  I. 


=  _=L-J_  f        -^ I 

2.^2.  ^"^^    ^^     [   a-i  ■l/2b   a+i 


■l/2b   a+i  Y^ 


e  '^  da 


.yl"  sinh  -l/2b 


Similarly,   we  obtain 


For  b  =  1,    see    [l]  ,   p.    19-21. 
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k^iv)    =  13]/|"  sinhV2b  y 


A^Cy) 

=  |.= 

Ai,(y) 

=  ^^ 

K^b) 

=  il^' 

Consequently^ 

K(x,y) 

n=0 

;y)x^  =  ■ 

I  sinh  y2b  y(l-6x  +  |b^x  +  ...) 

.  (-bx.|bV-AA5.  ...) 

from  which  it  is  reasonable  for  us  to  assume  that  K(x^y)  has  the 
form  --]/^  A(x)sinY2b  y  +  C(x)  ;  substituting  the  latter  into  (l) 
we  obtain  A(x)  =  se 


ch  ySb  X   ,      C(x)   =   -  y  I     tajih  Y^b  x  . 


It  also   can  be   seen  from  Theorem  2   (or  Theorem  3)    that,   in  this 
^n+1 
case,  we  have  7^^=   0,    /g^+i  =    (2n+l)l     '   ^^^"^ 

Co,2n=°  ^l,o=-^  ^2,0=°  S,0  =  |^'       ^,o=° 

^0,0=-^  ^1,1  =°  '2,1  =  ^'  Sa=°  ^1.A  =  #^^ 

^o,3=-^^''l.2=°  ^2,2=°  ^5,2=°  ^1^,2=° 

from  which  we  could  also  guess  that  K(x,y)  is  of  the  form 

A(x)B(y)  +  C(x)   with  B(y)  =  --^   sinh  y2b  y,   C(x)  =  -  "^  tanh  l/2b 
Substituting  these  into  (l) ,  we  obtain  A(x)  =  sech  ]/2b  x. 
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From  the  above  example^  it  is  known  that  Theorem  2  is  useful  in 
determining  the  form  of  K(x;,y)  for  a  given  R(t)  ;   similarly,  for  a 
given  r  (a) ,  Theorem  5  is  also  useful  in  determining  the  form  of  K(x,y), 
As  in  Example  II,  it  is  found  that  if  R(t)  is  an  odd  function  (i.e. 
7   =  O) ,  then  C    =0  for  m+n  is  even  ;  and  hence  K(x,x)  is  also  an 
odd  function.   Consequently,  V(x)  =  2  —  K(x,x)  is  an  even  function. 
When  R(t)  is  even  we  cannot  conclude  very  much  as  in  the  following 
example . 

2  /   vm  m 

Example  III  If  R(z)  =  e"'^^  ,  then  7^  =  ^~    '   °   .  7^  -,  =  0  . 
^  '  '2m     m     '    '2m+l 

From  Theorem  2,  we  then  obtain  C   (p+Q <  5)  as  follows: 


c 

-1 

0,0 

c     .   = 

1 

0,1 

C 

1 

1 

1,0 

c     ^  = 

c  +  — 

0,2 

2 

Cn      -,      = 

2c-l 

2          1 

lA 

'0,5  = 

c^       1          1 

^1,2  = 

1 
"   2 

^21            1 

^0,^  = 

-  —  -%''-   2^ 

'1,3- 

-2c     .30.^ 
-12        1             1 

c 

721             1 

^l,k    = 

^  =    +^  "  "■  25 

0,5 

50              15          120 

5 

8          11 

'2,0  = 

c-l 

Sa  = 

^  2        13            11 

c^  .  = 

-2c  +  1 

'3.1  = 

-2c     ^  -f  c   -  ^ 

2A 

2 

72,1           11 

p            = 

^21          3 

3,2 

3  p        3          12 

^2,2  = 

-5e     +2=  +  Tj 

c^  53  ,       19 

^h,o  = 

-2-   +I2  "  -T 

c„  ,  = 

I  c2  -  1  c   -  ^ 

23     2        19            19 

2,5 

5            3          i+ 

^^    --'^T 

Appendix 

W^'-l^^i^-^^°°^' 
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And 


K(x,x)  =  -1  +  2x  +  2(2c-l)x2  ^  ^  (c+|)x5  +  (-8c2+  ^  c  -  ^)x^ 
,6U  2   208    6l^v  5 


Example  IV 

If  R(z)  =   ze-^^  ,  then  73^  =  0,  7^^^  =  ^ 
And  we  obtain  C    =  0  if  m+n  is  even. 


'^i.o  =  -1  ^2A  =  5c  +  I 

^0,3  =  '  -  6  ^        ^1,2  =  5c  +  2         ^2,5  =  -5c  -  c  +  ^ 
^0,5  ~   2    10   120'   lA  "   2     2  25  '     3,0"   ^6 


^  2   ,     5     „       5  2  11    ^1   ^      c^   29    121 
S,2=  -5^  -5=-  ll  '   "UA=   2"  "~'-2lJ^  S,o=---  10^-120 

hence  K(x,x)  =  -2x  +  (be  +  -^)x  -  (l6c  +  —  c  +  -^^     +  ...       / 
and  V(x)  =  2  ^  K(x,x)  =  -U  +  6(6c  +  ^)x^-  10(l6c^+ y  c  +  ^)x^  +  ... 


APEEKDIX 
(l)   holds   since 

^o    ^  4d  ^u 

=  r^(a)    /  ~  K(x,x-u)e^°-^du  =   r^(a)    /  \{x,y)e-^''^^   -    e^^ 

/''"K(x,v-x)e^'^^dv  =    /   \(x,y)e^^ydy   •    e^^   . 
^o  ^x 

Similarly,  (ii)  holds  since 

J°  J''R(w-u)K(x,x-u)du  e^^^dw  =  -  J°K(x,x-u)e^^V  -  J  \(w-u)e^^(^-^) 

=  -r_(a)  j"°K(x,x-u)e^'=^^du=  -r_(a)  J'\(x,y)e-^°'ydy  •  e^°^ 

J°K(x,v-x)ei^dv=J'\(x,y)e^'^ydy  -  e^°^  . 


The  identity  (*)  can  be  derived  as  follows 


s=0  r=0  ^    ^ 

d 

(1-)'^-"=  z'  (-1)'  C^f)  -'   ( 

4-_n         \  ^  / 


b-a 

we  assume  b  >  a,  b,  a  are 
t=0       ^  "  ^       natural  num.bers^ 


It  follows  that  by  equating  the  t   power  of  (l-x)  ~  and  the  product 
of  (l-x)   and  (l-x)  ,   we  obtain 

^   ^   s+r=t  V    /    s=0 
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putting  a  =  k+1,  b  =  l+l,   t  =  i-k,  we  obtain 


s=0 

And  since 


/£+i\  n-s\   _   (i+1)!     (^-s)!  ^  l+l         n  (£-k)| 

V  s  j  I  k  j  ~  (i+l-s)!  sj  (£-s-k)!  kl    £-s+l  k!(£-k)!  (i-s-k)l  si 

=  c*^)   0  III  ' 

by  substituting  the  righthand  side  of  the  above  into  (**)  and 
dividing  by  (-1)    >   we  obtain  the  identity  (*)  easily. 


terms : 

7    J  7 

These  are  isomorphic  to  all  partitions  of  m+n+1  into  natural  numbers 

2 
such  that  £  corresponds  to  7^_-j_j  e.g.,  (m+n+l)*-^  7j^_^j^j(m+n-l,l A)  *~*7^+^_2yo 

etc.   Therefore,  if  m  +  n  is  even,  then  m  +  n  +  1  is  odd;  hence  all 

their  partitions  are  of  the  forni  (p  ,  p  ,  ...,  p^)  such  that  one  of 

p. (1  <  i  <  m  +  n  +  1)  is  odd.   Otherwise  the  sum  ^  p^  is  not  an  odd 

number  since  sums  of  even  numbers  are  even.   It  follows  that  ^  j^  ="  '-' 

(if  m+n  =  even)  since  each  of  their  terms  has  at  least  one  factor 

T   -,  =  0  which  corresponds  to  odd  p.  . 
p  -1  1 
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Building  12,  Room  2617 
Culver  City,  California 
Attn:  M.  D.  Adcock 

Hughes  Aircraft  Company 
Florence  and  Teale  Streets 
Culver  City,  California 
Attn:  Dr.  L.C.  Van  Atta,  As 


Hycon  Eastern,  Inc. 
75  Cambridge  Parkway 
Cambridge,  Mass. 
Attn:  Mrs.  Lois  Seulowitz 
Technical  Librarian 

International  Business  Machines  Corp. 

Military  Products  Division 

590  Madison  Avenue 

New  York  33,  New  York 

Attn:  Mr.  C.F.  McElwaln,  General  Manager 

International  Business  Machines  Corp. 
Mllitarv  Products  Division 
Owego,  New  York 

Attn:  Mr.  D.  I.  Marr,  Librarian 
Department  U59 

International  Resistance  Company 
hOl  N.  Broad  Street 
Philadelphia  8,  Pa. 
Attn:   Research  Library 

Jansky  and  Bailey,  Inc. 
1339  Wisconsin  Avenue,  N.  W. 
Washington  7,  D.  C. 
Attn:  Mj.  Delmer  C.  Ports 

Dr.  Henry  Jasik,  Consulting  Engineer 
298  Shames  Drive 
Brush  Hollow  Industrial  Park 
Westbury,  New  York 

Electromagnetic  Research  Corooratlon 
711  nth  Street,  N.  W. 
Washington  5,  D.  C. 


Lockheed  Alrcrsft  Corporation 

2???  N.   HollyvDod  Way 

California  Division  En^tneerln,;  Library 

Dopartirent  72-75,    Plant  A-1,   Bldg.  63-1 

Purhank,   Caliromla 

Attni      N.   C.    Harnola 

The  Martin  Company 


The  Qlenn  L.  Martin  Company 
Baltimore  3,    Marylarel 
Attni     Engineering  Library 
Antenna  Design  Group 

Maryland  Electronic  Manufacturing  Corp. 
C009  falvert   Road 
College  Park,    Maryland 


Providence  6,    Rhode  Island 

The  W.   L.   Maxscn  Corrwration 

I46O  West   iljth  Street 

New  York,    N.  Y. 

Attn:     Miss  Dorothy  Clark 

McDonnell  Aircraft  Corporation 

Lambert  Saint-Louis  Municipal  Airport 

Box  ?16,    St.   Louis  3,   Missouri 

Attn:      R.   D.   Detrlch,    Engineering   Library 

McMillan  Laboratory,    Inc. 

Prownvllle  Ayenue 

Ipswich,   Massachusetts 

Attn:      Security  Officer,    Document  Room 

Melpar,    Inc.  (2) 

30no  Arlington  Boulevard 

Falls  Church,    Virginia 

Attn:     Engineering  Technical  Library 

Microwave  Development  Laboratory 
90  Broad  Street 
Babson  Park  57,   Massachusetts 
Attn:     N.  Tucker,   General  Manager 

Microwave  Ra tlation  Company  Inc. 

19223  South  Hamilton  Street 

Gar^ena,    California 

Attn:     Mr.   Morris  J.  Ehrlich,    President 

Chance  Vought  Aircraft,    Ino. 
9311i  West   Jefferson  Street 
Dallas,  Texas 
Attn:     Mr.   H.   S.  White,   Ubrarlan 

Northrop  Aircraft,    Inc. 
Hawthorne,    California 

Attn:     Mr.  E.  A.  Freltas,   Ubrary  DeptJlU5 
1001  E.  Broadway 

Remington  Rand  Univ.  -  Division  of  Sperrv 

Rand  Corporation 
1900  West  Allegheny  Avenue 
Philadelphia  29,    Pennsylvania 
Attn:     Mr.    John  F.   McCarthy 

R  and  D  Sales  and  Contracts 

North  American  Aviation,    Inc. 
12211:  Lakewood  Boulevard 
Downey,   California 
Attn:"    Engineering  Library  195-115 

North  American  Aviation,    Inc. 
los  Angeles   International   Airport 
Us  Anpeles  1:5,    California 
Attn:      Engineering  Technical  File 

Page  Communi-Ptions  Engineers,    Inc. 
710  Fourteenth  Street,   Nor'.hwest 
Washington  5,    D.   C. 
Attn:     Librarian 


U7OO  Wlssachickon  Avenue 

Philadelphia   IjU,    Pa. 

Attn:     Mrs.  Dorothy  S.  Collin 


Attn;     Dr.    J.  T.   DeBettencourt 

Polytechnic  Research  and  Developnent 

Company,    Inc. 

202  Tlllary  Street 

Brooklyn  1,  New  York 

Attn:  Technical  Library 

Radiation  Engineering  Laboratory 
Main  Street 
Maynard,  Mags. 
Attn:  Dr.  John  Ruze 

Radiation,  Inc. 
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Melbourne,  Florida 

Attn:  Technical  Library,  Mr.  M.L.  Co 

Radio  Corp.  of  America 

RCA  Laboratories 

Rocky  Point,  New  York 

Attn:   P.  S.  Carter,  Lab.  Ubrary 

RCA  Laboratories 
David  Sarnoff  Research  Center 
Princeton,  New  Jersey 
Attn:   Miss  Fern  Cloak,  Librarian 
Research  Library 

Radio  Corporation  of  America 
Defense  Electronic  Prclucts 
Building  10,  Floor  7 
Camden  2,  New  Jersey 
Attn:   Mr.  Harold  J.  Schrader 

Staff  Engineer,  Organization 

of  Chief  Technical 

Administrator 

The  Ramo-Wooldridge  Corooration 
P.O.  Box  1:0:53  Airport  Station 
Los  Angeles  1:5,  California 
Attn:  Margaret  C.  Whitnah, 


Hoover  Mic-owave  Co. 
9592  Baltimore  Avenue 
College  Park,  Maryland 

Director,  USAF  Project  RAND 

Via:  Air  Force  Liaison  Offic 

The  Rand  Corporation 

1700  ''ain  Street 

Santa  Konica,  Califorrla 


Office  Manager 


Attn:     Mr.    Irving  Goldstein 

Raytheon  Manufacturing  Company 
Wayland  Laboratory,    State  Road 
Wayland,    Mass. 
Attn:     Mr.   Robert  Borts 

Raytheon  Manufacturing  Comrany 
Wayland  Laboratory 
Wayland,    Mass. 

Attn:     Miss  Alice  G.   Anderson, 
Librarian 

Republic  Aviation  Corporation 
Farmlngdale,    Long   Island,   N.  Y. 
Attn:     Engineering  Library 

Thru:     Air  Force  ^lant  Representative 
Republic  Aviation  Corp. 
Famlngdale,    Long   Island,   N.Y. 

Rheetn  Manufacturing  Conpany 
9236  East  Hall  Road 
acwney,   California 
Attn:      J.  C.    Joerger 


Hymn  Aeronautical  Conpany 
Lindbergh  Field 
San  Diego  12,   California 
Attn:     Library  -  unclassified 

3age  Laboratories 
159  Linden  Street 
Wellesley  81,  Mass. 

.Sanders  Associates 
95  Canal  Street 
Nashua,   New  Hampshire 
Attn:     N.  R.  Wild,   Library 

Sarvlia  Corporation,   Sandla  Base 

P.O.  Box  5K)0,   Albuiuerquo,   New  Mexico 

Attn:     Classified  Document  Division 

Sperry  Gyroscope  Company 

Great  Neck,   Long  laland.    New  York 

Attn:     norence  W.  Tumbull,   Engr.  Librarian 

Stanford  Research  Institute 

Menlo  Park,   California 

Attn;     Library,   Engineering  Division 


Systems  Laboratories  Corporation 
1j'i''52   Ventura  Boulevard 
Sherman  laks,    California 
Attn:     Donald  L.   Margerum 

TR3,  Inc. 

17  Union  Square  West 

New  York  3,  N.  Y. 

Attn:     M.  L.   Henderson,    Librarian 

A.  S.  Thomas,  Inc. 

161  Devonshire  Street 

Boston  10,  Mass. 

Attn:  A.  S.  Thomas,  President 

Bell  Telephone  Uboratories 
Murray  Hill 
New  Jersey 


Raytheon  Manufacturing  Conpan 
Missile  Division 
Hari.well  Road 
Pedford,  Mass. 

Radio  Corporation  of  America 
Aviation  Systems  Iflboratory 
225  Crescent  Street 


Lockheed  Aircraft  Corporation 
Missile  Systems  Division  Research  Library 
Box  50I1,  Sunnyvale,  California 
Attn:  Miss  Eva  Lou  Robertson, 
Chief  Librarian 

The  Rand  Corporation 
1700  Main  Street 
Santa  Monica,  California 
Attn:  Dr.  W.  C.  Hoffman 

Commander 

AF  Office  of  Scientific  Research 

Air  Research  and  Development  Command 

lljth  Street  and  Constitution  Avenue 

Washington,  D.  C. 

Attn:      Mr.    Otting,    SRY 

Westinghouse  Electric  Corp. 
Electronics  Division 
Friendship  Int'l  Airport  Box  7li6 
Baltimore  3,   Maryland 
Attn:     Engineering  Library 


Wheeler  Laboratbriea,  Inc. 
122  Cutter  Mill  Road 
Oreat  Neck,  New  fork 
Attn:  Mr.  Harold  A.  Wheeler 

Zenith  Plastics  Co. 
Box  91 

Gardena,  California 
Attn:  Mr.  S.  S.  Oleeelrjr 

Library  Geophysical  Institute 
or  the  Dnlversltv  of  Alaska 
College 
Alaska 

University  of  California 

Berkeley  h,   California 

Attni  Dr.  Samuel  Silver, 

Prof.  Engineering  Science 
Division  of  Elec.  Eng.  Electronics 
Research  Lab, 

'Jniversity  of  California 
Electronics  Research  Lab, 
332  Cory  Hall 
Berkeley  U,  CaUfomia 
Attn:  J.  R.  Whinnery 

California  Institute  of  Technology 
Jet  Propulsion  Laboratory 
bROO  Oak  r;rove  Drive 
Pasadena,  California 
Attn:  Mr.  I.  E.  Newlan 

California  Institute  of  Technology 
1201  E.  California  Street 
Pasadena,  California 
Attn:  Dr.  C.  Papas 


Cornell  University 

School  of  Electrical  Engineering 

Ithaca,  New  York 

Attn:  Prof.  C.  C.  Dalman 

University  of  Florida 

Department  of  Electrical  Engineering 

Gainesville,  Florida 

Attn:   Prof.  M.  H.  Latour,  Library 

Library 

Georgia  Institute  of  Technology 

Engineering  Experiment   Station 

Atlanta,    Georgia 

Attn:     Mrs.    J.H.   Crosland,    Librarian 

Harvard  University 

Technical  Reports  Collection 

Gordon  McKay  Library,   303A   Pierce  Hall 

Oxford  Street,   Cambridge  3H,   Mass. 

Attn:     Mrs.   E.L.   Huf Schmidt,   Librarian 

Harvard  College  Observatory 
60  Garden  Street 
Cambridge  39,    Mass. 
Attn:     Dr.  Fred  L.  Whipple 

University  of  Illinois 
Documents  Division  Library 
Urbana,    Illinois 

University  of  Illinois 
College  of  Engineering 
Urbana,    Illinois 

Attn:     Dr.    P.   E.   Moyes,    Department  of 
Electrical   Engineering 


Applied  Physios  Laboratory 
The  JohflB  Hopkins  University 
8621  Georgia  Avenue 
Silver  Spring,   Maryland 
Attn;     Mr.    George  L.   Selelstad 

Massachusetts  Institute  of  Technologv 
Research  Laboratory  of  Electronics 
Room  20B-221 

bridge  39,    Massachusetts 
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The  Johns  Hopkins  Uni 
Homewood  Campus 
Department  of  Physics 
Baltimore  18,  Maryland 
Attn:     Dr.  Donald  E.  Kerr 

Sandia  Corporation 
Attn:     Organization  II423 
Sandia  Base 
Albuijnerqae,   New  Mexico 
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Massachusetts  Institute  of  Technology 

Lincoln  Laboratory 

P.  0.  Box  73 

Lexington  73,  Mass. 

Attn:  Document  Room  A-229 

University  of  Michigan 
Electronic  Defense  Group 
Engineering  Research  Institute 
Ann  Arbor,  Michigan 
Attn:  J.  A.  Boyd,  Supervisor 

University  of  Michigan 
Engineering  Research  Institute 
Radiation  Laboratory 
Attn:   Prof.  K.  M.  Siegel 
912  N.  Main  St., 
Ann  Arbor,  Michigan 

University  of  Michigan 
Engineering  Research  Institute 
Willow  Run  Laboratories 
Willow  Run  Airport 
Ypsilantl,  Michigan 
Attn:   Ubrarian 

University  of  Minnesota 

Minneapolis  llj,  Minnesota 

Attn:  Mr.  Robert  H.  Stumm,  Ubrary 

Northwestern  University 
Microwave  Laboratories 
Evanston,  Illinois 
Attn:  R.  E.  Beam 

Ohio  State  University  Research  Found. 
Ohio  State  University 
Columbus  10,  Ohio 
Attn:  Dr.  T.E.  Tice 

Dept.  of  Elec.  Engineering 

The  University  of  Oklahoma 
Research  Institute 
Norman,  Oklahoma 

Attn:   Prof.  C.  L.  Farrar,  Chairman 
Electrical  Engineering 

Polytechnic  Institute  of  Brooklyn 

Microwave  Research  Institute 

55  Johnson  Street 

Brooklyn,  New  York 

Attn:  Dr.  Arthur  A.  Oliner 

Polytechnic  Institute  of  Brooklyn 
Microwave  Research  Institute 
55  Johnson  Street 
Brooklyn,  New  York 
Attn:  Mr,  A,  E,  Laemmel 

Syracuse  University  Research  Institute 
Collendale  Campus 
Syracuse  10,  New  York 
Attn:  Dr.  C.  s.  Grove,  Jr. 

Director  of  Engineering  Research 
The  University  of  Texas 
Elec.  Engineering  Research  Laboratory 
P.  o.  Box  8026,  University  Station 
Austin  12,  Texas 
Attn:  Mr.  John  R.  Gerhardt 

Assistant  Director 

The  University  of  Texas 

Defense  Research  Uboratory 

Austin,  Texas 

Attn:  Claude  W.  Horton,  Physics  Library 


University  of  Washington 

Department  of  Electrical  Engineering 

Seattle  5,  Washington 

Attn:  G.  Held,  Associate  Professor 

Stanford  University 
Stanford,  California 
Attn:  Dr.  Chodorow 

Microwave  Laboratory 

Physical  Science  Laboratory 

New  Mexico  College  of  Agriculture 

and  Mechanic  Arts 

State  College,  New  Mexico 


Brown  University 
Department  of  Electrical  Engineering 
Providence,  Rhode  Island 
Attn:  Dr.  C.  M.  Angulo 

Case  Institute  of  Technology 

Cleveland,  Ohio 

Attn:  Prof.  S.  Seeley 

Columbia  University 

Department  of  Electrical  Engineering 

Momingslde  Heights 

New  York,  N.  Y. 

Attn:  Dr.  Schlesinger 

McGlll  University 
^;ontreal,  Canada 
Attn:  Prof.  G.  A.  Woonton 

Director,  The  Eaton  Electronics 

Research  Lab. 

Purdue  University 

Department  of  Electrical  Engineering 

Lafayette,  Indiana 

Attn:   Dr.  Schultz 

The  Pennsylvania  State  University 
Department  of  Electrical  Engineering 
University  Park,  Pennsylvania 

University  of  Pennsvlvania 

Institute  of  Cooperative  Research 

■)Un0  Walnut  Street 

Philadelphia,  Pennsylvania 

Attn:  Dept.  of  Electrical  Engineering 


University  of  Te 
Ferris  Hall 
W.  Cumberland  Avenue 
Knoxville  16,  Tennessee 

Universitv  of  Wisconsin 
Department  of  Electrical  Engineering 
Madison,  Wisconsin 
Attn:  Dr.  Scheibe 

University  of  Seattle 

Department  of  Electrical  Engineering 

Seattle,  Washington 

Attn:   Dr.  D.  K.  Reynolds 

Wayne  University 
Detroit,  Michigan 
Attn:  Prof.  A.  F.  Stevenson 

Electronics  Research  Laboratory 
Illinois  Institute  of  Technology 
3300  So.  Federal  Street 
Chicago  16,  Illinois 
Attn:  Dr.  Lester  C.  Peach 
Research  Engineer 

Advisory  Group  on  Electronic  Parts 

Room  103 

Moore  School  Building 

200  South  33rd  Street 

Philadelphia  li,  Pennsylvania 


University  of  Toronto 
Department  of  Electrical 
Toronto,  Canada 
Attn:   Prof.  G.  Sinclair 


Engineering 


Ionosphere  Reoearch  Uboratory 

Pennsvlvani*  3t«t«  College 

State  College,    Pennsylvania 

«TTNi     Professor  A.   H.  Waynlck,   Director 

Institute  of  Mathematical  Sciences 
2";  Waverly   Place 
Mew  York  3 ,   Now  York 
ATTN.      Librarian 


Dr. 

Rodnan 

Doll 
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W.  Cro 

sa  Street 

Tpsllantl, 

Michigan 

California  Inst,   of  Technology 
Pasadena,   California 
ATTN:      Mr.   Calvin  Wilcox 


Electronics  Division 
Rand  Corporation 
1700  Main  Street 
Santa  Monica,   California 
ATTNi     Dr.   Robert  Kalaba 


Applied  Mathematics  and  Stat i stirs  Lab 

Stanford  nnlvorsity 

Stanford,    dllfomia 

ATTN:     Dr.  Albert  H.  Bowker 

Department  of  Physics  and  Astr-nomy 
Michigan  State  College 
East  Lansing,   Michigan 
ATTNl      Dr.   A.   Leitner 

University'  of  Tennessee 
Knoxvllle,   Tennessee 
ATTN:     Dr.   Frel  A.   Ficken 

Lebanon  Valley  College 
Annvllle,  Pennsylvania 
ATTN:     Professor  B.H.  Blssinger 

General  Atomic 

P.  0.   Box  608 

San  Diego  12,  California 

Attn:      Pr.   Edward  r.erjuoy 

Department  of  Physics 

Amherst  College 

Amherst,    Mass. 

ATTN:      Dr.   Arnold   Arons 

California  Institute  of     Technology 
1201  E,  California  Street 
Pasadena,   California 
ATTN:      Dr.    A.   Erdelyl 

Mathematics  Denertment 

Stanford  University 
Stanford,  California 
ATTN:     Dr.   Harold  Levino 

University  of  Minnesota 

Minneapolis  I'l,   Minnesota 

ATTNl      Professor  Paul  C.   Rosenhloom 

DopartTient  of  Mathematics 

Stanford  nniversity 

Stanford,   California 

ATTN:      Professor  Bernard  Epstein 

Aoplied  Physics  Laboratory 
The  JohrP  Hopkins  Oni varsity 
8621  Georgia  Avenue 
Silver  Spring.   Man'land 
ATTN:     Dr.  B.  S.  Gourary 

(2)Exchange  and  01ft  Division 
The  Library  of  Congress 
Washington  25,   D.  C. 

Electrical  Engineering  Department 
Massachusetts  Institute  of  Technology 
Cambridge  39,   Mass. 
ATTN!     Dr.  L.   J.  Chu 

Huclaar  Davelopiient  Associates,    Inc. 

5  New  Street 

White  Plains,   New  York 

ATTN:     Uhrary 

California  Institute  of  Technology 
Electrical  Engineering 
Pasadena,  California 
ATTN:  Dr.  Zohrab  A,  Kaprlelian 


(3)  Mr.  Robert  Brockhurst 

Woods  Hole  Oceanographic  Instltut 
Woods  Hole,  Mass. 

National  Bureau  of  Standards 
Boulder,  Colorado 
ATTN:  Dr.  R.  Oallet 

Dr.  Solomon  L.  Schwebel 

3689  Louis  Road 

Palo  Alto,  (Sallfomia 

b.   University  of  Minnesota 
The  University  of  Library 
Minneapolis  lU,  Minnesota 
ATTN:   Exchange  Division 

Department  of  Mathematics 
I'niversltv  of  California 
Berkeley,  California 
ATTN:   Professor  Bernard  Friedman 


Lincoln  Laboratory 


:itute  of  Technology 


Melpar,  Inc., 

3000  Arlington  Boulevard 

Falls  Church,  Virginia 

ATTN:  Mr.  K.  S.  Kelleher,  Section  Head 

Hq.  Air  Force  Cambridge  Research  Center 

Laurence  G.  Hanscom  Field 

Bedford,  Mass. 

ATTM:  Hr.  Francis  J.  Zucker,  CRRD 

Hq.  Air  Force  Cambridge  Research  Center 

Laurence  0.  Hanscom  Field 

Bedford,  Mass. 

ATTNl  Dr.  Philip  Newman,  CRRK 

Mr.  N.  C.  Oeraon 

Trapelo  Road 

South  Lincoln,  Mass. 

Dr.  Richard  B.  Barrar 
Systems  Development  Corp. 
2L00  Colorado  Avenue 
Santa  Monica,  California 

Columbia  University  Hudson  Laboratories 
P.O.  Box  239 

II45  Palisade  Street,  Dobbs  Ferry,  N.  Y. 
ATTN:  Dr.  N.  W.  Johnson 

Institute  of  Fluid  Dynamics 
and  Applied  Mathematics 
University  of  Marvland 
College  Park,  Maryland 
ATTN:  Dr.  Elliott  Wontroll 

Department  of  Electrical  Engineering 

Washington  University 

Saint  Louis  5,  Ho. 

ATTN:   Professor  J.  Van  Bladel 

Department  of  the  Navy 

Office  of  Naval  Research  Branch  Office 

1030  E.  Oreen  Street 

Pasadena  1,  California 


Brandeis  University 
Waltham,  Mass. 
ATTN:  Library 


Electronics  Division 
Stanford  Industrial  Park 
Palo  Alto,  California 
ATTN:  Library 


Smyth  Research  Associates 
3555  Aero  Court 
San  Diego  3,  California 
ATTNl   Dr.  John  B.  Smyth 

Electrical  Engineering 
California  Institute  of  Technology 
Pasadena,  California 
»TTN:  Drfleorges  0,  Weill 

Naval  Research  Laboratory 

Washington  25,  D.  C. 

ATTN:  Henry  J.  Passerini,  Code  5279A 

Dr.  George  Kear 
5  Culver  Court 
Orinda,  California 

Brooklyn  Polytechnic 

85  Livingston  Street 

Brooklyn,  New  York 

ATTNl  Dr.  Nathan  Marcuvlti 

Department  of  Electrical  Engineering 
Brooklyn  Polytechnic 
85  Livingston  Street 
Brooklyn,  New  York 
ATTN:  Dr.  Jerry  Shmoys 

Department  of  Mathematics 
University  of  New  Mexico 
Albuquerque,  New  Mexico 
ATTN:  Dr.  I.  tolodner 

Mathematics  Department 
Polytechnic  Institute  of  Brooklyn 
Johnson  and  Jay  Street 
Brooklyn,  Vew  York 
ATTNl  Dr.  Harry  Hochstadt 

Ballistics  Research  Laboratory 
Aberdeen  Proving  Grounds 
Aberdeen,  Maryland 
ATTN:   Dr.  Pullen  Keats 

Dr.  Lester  Kraus 
Ii935  Whitehaven  Way 
San  Diego,  California 

University  of  Minnesota 
Institute  of  Technology 
Minneapolis,  Minnesota 
Attn:   Dean  Athelston  Spilhaus 

Ohio  State  University 
Columbus,  Ohio 
Attn:  Prof.  C.  T.  Tal 
Department  of  Electrical  Eng. 

Naval  Research  Laboratories 

Washington  25,  D.  C. 

Attn:  W.  S.  Ament,  Code  5271 

Naval  Research  Laboratory 
Washington  25.  D.  C. 
Attn;  Dr.  Leslie  G.  McCracken,  Jr. 
Code  3933A 

Office  of  Naval  Research 
Department  of  the  Navy 
Attn:  Geophysics  Branch,  Code  Iil6 
Washington  25,  D.  C. 

Office  of  Chief  Signal  Officer 
Signal  Plans  and  Operations  Division 
Attn:  SIOOL-2,  Room  20 
Con.  Liaison  Br.,  Radio  Prop.  Sect. 
Thr^   Pentagon,  Washington  25,  D.  C. 

Defence  Research  Member 
Canadian  Joint  Staff 
2001  Connecticut  Street 
Washington,  D.  C. 

Central  Radio  Prop.  Lab. 
National  Bureau  of  Starelards 
Attn:  Technical  Reports  Library 
Boulder,  Colorado 

D.  S.  Weather  Bureau 
U.  S.  Department  of  Coanerce 
Washlnpton  25,  D.  C. 
Attai  Dr.  Harry  Wexler 


Federal  Comimnlcatlons  ConmiBsion 

Washington  2?,  D.  C. 

Attn!  Mrs.  Barbara  C.  Grimes,  Llbrar 

Upper  Atmosphere  Research  Section 
Central  Radio  Propagation  Laboratory 
National  Bureau  of  Standards 
Boulder,  Colorado 


Bell  Telephone  labs. 
Murray  Hill,  New  Jersey 
Attn:  Dr.  S.  0.  Rice,  3 
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Carnegie  Institute  of  Washington 
Dept.  of  Terrestrial  Magnetism 
S2[il  Broad  Branch  Road,   N.  W. 
Washington  15,   D.  C. 
Attn:     Library 

Georgia  Tech  Research  Institute 


University  of  Maryland 
College  Park,  Maryland 
Attn:  Dr.  A.  Welnstein 
Institute  of  Fluid  Dynamic 


Willow  Run  Research  Center 
University  of  Michigan 
Willow  Run  Airport 
Ypsilanti,  Michigan 
Attn:  Dr.  C.  L.  Dolph 

School  of  Engineering 
New  York  University 
University  Heights 
New  York,  New  York 

Shell  Fellowship  Committee  of  the 
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